Problem A1 (Electrostatics):

An infinite, linear dielectric slab of thickness d and permittivity € occupies the region —d /2 <
z < d /2. The slab is placed in an otherwise uniform electric field

EO = Eoi
Assume vacuum outside the slab.

1. Determine the electric field E(z)everywhere.
2. Find the bound surface charge densities at z = +d /2.

3. Compute the polarization P inside the slab and verify consistency with boundary
conditions.

Solution

1. Because the system is planar and infinite, the field depends only on zand is along Z. There are
no free charges anywhere, so the normal component of D is continuous:

D;in) — Déout).
Outside (vacuum):

Dout = SO Eout-
Inside:

Din = EEin'
Thus,

EEin = EOEout-

Type equation here.Far away, the field must approach the applied field:

Eout = Eoi
Hence,
€ . .
Ell’l = ?Eoz
Eout — Eoi
2. Polarization inside the slab is
P = (e — &y)E;,.

Thus,

€0 . A
P= (E - 80)?EOZ.
Bound surface charge:

O'b:P'ﬁ.



Atz =+4+d/2,n = +7Z:

o, (+d/2) = P = (¢ — eo)gg—OEo

Atz =—-d/2,n = -7

€o
op(—d/2) =—P =—(e— 50)?5'0

3. Inside:

[P = gy(g, — DE;,|

Check boundary condition for D:

out in _ —_
Dz - Dz = Ofree — 0
which is satisfied since

EOEO = EEin.
Check discontinuity of E:

. )

out mn
Ez - Ez -
€o

which is also satisfied using the above expressions.



Problem B1 (Electrostatics):

A grounded conducting sphere of radius Ris centered at the origin. A point charge qis placed on
the z-axis at position z = a, where a > R.

1. Use the method of images to find the electrostatic potential outside the sphere.
2. Determine the magnitude and position of the image charge.

3. Find the total induced charge on the conducting sphere.
4

. Find the force acting on the point charge q.

Solution
Because the sphere is grounded, its surface is held at zero potential:
V(R,0) = 0.
The method of images replaces the grounded sphere by an image charge q'placed inside the
sphere on the z-axis at position z = b. The potential outside the sphere is written as

q r > R.

1
— q
V(r)_4ns0[|l'—ail+lr—bil ’

We choose q'and bso that V = Oon r = R.

For a point on the sphere,

r—azl|= \/R2 + a? — 2aRcos 6,
and

| r — b2 |= +/R2 + b2 — 2bRcos 6.
The correct image charge is

, R
q =—q9—
located at
RZ
b=—.
a
Thus the potential outside the sphere is
1 R
_ q _____ 4qR/a >
V) = e Ir=az1 " Tr= R0zl = ®

Inside the conductor,

The total induced charge on the grounded conducting sphere equals the total image charge:



, R
Qina =4 = —4-

This is negative if g > 0, as expected.

The force on the real charge q is the Coulomb force due to the image charge g’. The separation
between gand q' is

R?> a?—R?
a—b=a——= :
a a
Therefore,
1 lqq|
" 4mey (a — b)?’
Substituting ¢ = —qR/a,
1 q’R/a
R
(=)
Thus,
1 q’Ra

- 4mey (a? — R2)?’

The force is attractive, directed toward the sphere:

1 q*Ra

F=- Z.
4me, (a? — R?)? z




Problem B3 (Magnetostatics):

A thin spherical shell of radius R carries a uniform surface charge density o. The shell rotates
with constant angular velocity

w = wZ.
Assume the rotation is nonrelativistic, so electrostatic charge redistribution can be neglected.

1. Find the surface current density K.

2. Using the Biot—Savart law, find the magnetic field at the center of the sphere.

Solution
1. A point on the surface moves with velocity

V=wXT.
Since r = RT,

v = wRsin 6 ¢.
The surface current density is charge per unit area times velocity:

K = ov.
Therefore,

K = ocwRsin 6 ¢.

2. Now calculate the magnetic field at the center. Consider a narrow circular strip of the spherical
shell between fand 6 + d6. Its radius is

a = Rsin 6,
and its distance from the center along the z-axis is

z = Rcos 6.
The width of the strip is

R d6.
Thus the current carried by this strip is

dl = KRdfO = cwR?sin 0 d6.
The magnetic field on the axis of a circular current loop is
dI a?
dB, = Ho

© 2(a? 4 z2)3/2°
Here,

a’ + z? = R®.
Therefore,



_ HodIR?sin?6  puqdl

.2
T E R sin © 6.

dB,
Substituting d1,

owR
dB, = MOTsin 30d6.

Integrating over the full sphere,

owR ™
B,(0) = X0 fsin39d9.
2 0
Since
s . 4
j sin36df =—,
0 3

we obtain

2
B(0) = §,uoawR Z.

The field points along +Z for ¢ > 0 and w > 0.



Problem B2 (Circuits):

A resistor Rand capacitor Care connected in series with a battery of emf V. At time t = 0, the
switch is closed and the capacitor is initially uncharged.

1. Find the current I(t)in the circuit.

2. Find the charge Q(t)on the capacitor.

3. Find the voltage across the capacitor V. (t).

4. Determine the characteristic time scale of the charging process.

5. Find the energy stored in the capacitor after a long time.
Solution

Using Kirchhoff’s loop rule,

Q
Vo—IR——==0
0 C
Since
dqQ
[ =—,
dt
the equation becomes
dQ Q
Rearranging,
Q. .9 T
dt RC R
Solve with the initial condition
Q(0) =

The solution is

Q(t) = CVy(1—e~t/RE),

The current is

d
W=

therefore

Vo
I(t) = =—e /RC
®) ik

The voltage across the capacitor is

vewy =42,

SO

Ve (t) = Vo (1—e~t/RE),




The characteristic charging time is

Q - CVy, Ve - V.
The energy stored in the capacitor is

Ast — oo,

1
U= ECV0-
Thus,
1
U= ECVOZ.




Problem A2

A conducting rod of length L = 0.50 m slides on two parallel rails with a constant speed of
v = 8.0 m/s. The rails are connected through a resistor of resistance R = 4.0 (. A uniform
magnetic field of magnitude B = 0.30 T points perpendicular to the plane of the rails. What
external power is required to keep the rod moving at constant speed?

Solution:
For a rod moving perpendicular to a magnetic field,
& =Blv

So: £ =(0.30)(0.50)(8.0) = 1.2V
The magnetic force on a current-carrying conductor is:
F = BIL

So: F = (0.3)(0.3)(0.5) = 0.045N
Now to maintain constant speed, the external force must balance the magnetic force.

Power supplied: P = Fv = (0.045)(8.0) = 0.36 W
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