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G M
SHORT PROBLEM 1 C/:\—?:}

We consider the operators T, =e” and T, =e”, where A is hermitian.

a. Is T, hermitian?
b. Is T, hermitian?

ANSWER g
a. Yes, T, is hermitian: /Y |
2
A = 1 n 1 1 \I\-._ : ’/
T=e'=) —A"=1+A+ =AA+—AAA+.. = =
oo n! 2! 3!

:
& 1
T, =(e*)= ZiA" =1*+A*+—(AA)*+1(AAA)*+...
gl 2! 3!
1

1
:14-A+—AA+~—1~AAA+...=e“‘ =T
21 3!

b. No, 7, is not hermitian: l

T2=em=i

n=0

3w

i 1
i”A”z1+iA+-i-ii2AA+§faAAA+... =

= T 1 1
T, =(e") = zlj”A” =1"+(iA) + [L‘ZAA] +[if3AAAJ +..=
n! 2! 3!

n=0 i+

1 _
= 1+{—:")A+%(—f)2AA+a(—f}3AAA+'.. sg A,
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A 7%
SHORT PROBLEM 2 /\ ()

A particle moves in the potential V(x) 4
shown in the figure. For x < 0, the Vix
potential is 0. Forx >0, it is V, . The total V=V,

energy of the particleis £, =1V, (dashed
line in the figure). Coming from the left,
the particle’s wavefunction at some
position x=x, (see figure) is y=o

——— o — — — o l — ————————————

w(x=x,)=%w(0). The total energy is x=0 X=X,
now increased to the value E, such that

w(x =x,)=+w(0). Calculate E, UL

ANSWER

» J2m(V, —E,)
h !

For total energy E =E,, the evanescent wave is w,(x,)=w,(0)e”™, where k, =

and we have e =0.1 = &, =In{10)/x,.

J2m(V, —E.
For total energy E =E,, the evanescent wave is ¥, (x,) =y, (0)e™™*, where x, =—m(°——2—),

h
and we have e =02 = «,=In(5)/x,. @
Hence,

K _ In(5) _«/2m[VU—52)/h:\/VU~EZ :\/VD—EZ :J1—52/v0

K, In(10) 2m(v,—E)/h \%-E \ % 5

5 ) = \

In(5)
In(10)

2
4
52/v0=1—-5—( ]»—-0.609 = E,=0.609V,




SHORT PIR%/E'M 3 @B

The Hamiltonian operator for a two-state system is given by
H=a(|1{1|=]2)2|+[1)(2|+]2)1])

where g is a number with the dimension of energy. Find the energy eigenvalues and the
corresponding (unnormalized) energy eigenkets (as linear combinations of |1) and |2)).

ANSWER

C
We write the general ket |w) =c, |1) +¢,|2) as acolumn vector: |y) = [cl)'
2

The Hamiltonian is then found from
1 1 0 1 1 1

H |=a and H| |=a , gBiving H=a .
0 1 1 -1 1 -1 i

To find the eigenvalues:

1-4 1
‘ S A’:o = (1-A)-1-4)-1=0 > -(1-4})-1=0 = A=£2 @

so the eigenenergies are E,, =120

For A=+2:
- 1
{1 1\5 _1-15J(Ej=0 = —(1—\[5)61=Cz = |¢1)={ﬁ_1J (unnormalized) @
For A=—/2:
1
{14‘1\/5 _;iﬁ}{i)ﬂj = -(1+2)=c, = |¢z>=(_\/§_1j (unnormalized) @

Check using Mathematica:

Eigensystem([({a, a}, {a, -a}}]

{{—\.“rZH a, 2 a}, {{1—\}5, 1], {1+ \r"‘i, 1}}}



QM long 2

A particle with mass m moves in a delta-function potential

V(x) =-V,ad(x)
and has total energy —£ < 0. Find the particle’s stationary wavefunction and the energy E.
ANSWER

Everywhere but at the origin, the time-independent Schrodinger equation reads

h 2mE

2mE
—y"=(-Ey = Yy =—
5V (—Ely =

hz

v=Kkw = p(x)=Ae"+Be™ with k=
We want the wavefunction to be continuous and square-integrable, so we choose

w(x)=Be™  forx<0 3
w(x)=Be forx>0 4 ’/'

There is obviously a kink in the wavefunction at x =0. To find this kink, we integrate the TISE
one time, from —& to +¢ (a small interval that include the origin), finding

,%jw"—voai(ﬂx)w:—fjw =5

,f—m[w’(e)—w'(—s)]—voaw(m=—2sf¢u(0) ‘ @

If we take the limit ¢ — 0, this becomes

: 2mV, 2mV, V.
') -y'(-)=- Y ®ay(0) or 2Bk =-——"aB Ko hz" a
Normalization gives
] @ o @ 1 w0
Iwz+jwzzz tjf2=282je_2“d)(=28{ e—zn] _
-0 0 0 ¢ —2K 0

The wave function is thus

;V(x>0)=\/;e"“‘
W{X<0)=\/};e+xx

ZVz
The energy follows from x’szrzE = mg" o = ZnZE o L La = E=—12a
h h h h 2h



Name:

(30 points) 5. A system consists of two linearly independent states |1 > = (3)) and [2 > = @6 (? )

The Hamiltonian has the form H = G: ﬁ) where /4 and k are real constants. If the system is
e |

initially prepared in state |2 > at time ¢t = 0, what is its state at a later time #?

Find  Eiguachors od Eiagavalues so thah we cn
w12y a5 @ Naear combinaRon ol aicpas ba ke g 'CS-LqLi—-MGm;
shules) od use Mo eigavebes (envgy) b wdd M
W dn(:nno{ﬂmda.

E"-" uu{ ) 3 I i 7
PRI ORI - B9y o (H-1E)WWY =0

—

Clapnvelors
HIPN - 619N
(s B> i) )0 ()

Ghw Clo= Chvel
Girah 2 c,hs et
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Name:

|+|1KP1§ = E?_#’)
MLL [ <y

..L]q L(.\f

\uhl\ <) \
C.,J/I an CZ,!’{“ i 'L\""" el
ol vl 2 oh -l N

’%%> = L Lh) %hﬁ}
9.5

. 2 .i;_; (1{5-—\2\?\; = ‘t}é (ilj @
T

5\1’«“6 OJJT tli’ HUU = | ;
o = ‘QP§ 1\@.\)5;’/1'"2
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L

. o At& /h ‘
Lﬁ}> i L\L}/B . & t/q#* N}25 o j [/\YEW

s b0t/ iCh-R)E/
+ e
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L e )



Name:

i 5 3 = n . e b
2. Consider a particle in a state given by the wavelunction W(x, t) = Ae™*/@" ¢ ~EL/M yhere 4
p B Y

is a real number.

(16 points) a) Find {x) and {x?).

(9 points) b) Assuming this is a state of minimum uncertainty, find the standard deviation of the
momentum distribution ay,.

@) s (9P gl o A Sig R o ’f

i,
g

— A

P =T, T = V&> -4 = as,
O'i":-b"‘ = :F‘_.— = t

20 A Q/l '&-
Page 2
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