UNL - Department of Physics and Astronomy

Preliminary Examination - Day 1
Tuesday, May 19, 2026

This test covers the topics of Quantum Mechanics (Topic 1) and Electrodynamics (Topic 2). Each
topic has 4 “A” questions and 4 “B” questions. Work two problems from each group. Thus, you
will work on a total of 8 questions today, 4 from each topic.

Note: If you do more than two problems in a group, only the first two (in the order they appear in
this handout) will be graded. For instance, if you do problems Al, A3, and A4, only Al and A3
will be graded.

WRITE YOUR ANSWERS ON ONE SIDE OF THE PAPER ONLY
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Quantum Mechanics Group A
Answer only two Group A questions

Al. By using the conservation of energy and momentum, prove that a stationary free electron
cannot absorb a photon.

A2. An absent-minded physicist obtained the following solution of the time-dependent Schro-
dinger equation for a particle in a one-dimensional real potential

W(x,t)= N exp(ikx-ox>-iot)
Where N, a, k, ® are real parameters. (Don’t worry about normalization).

Calculate the corresponding probability density and current density, and prove that this wave
function cannot be a solution to the Schrédinger equation

A3. Electrons in plasma can be treated as a free electron gas. For a given electron number den-
sity n and temperature 7 find the condition for treating plasma electrons as classical particles ver-
sus quantum particles (degenerate gas). Apply this condition to the atmospheric plasma (typical
n=1.5x102! m) and to the electron gas in metals (typical #n=6.0x10?® m). Assume the room
temperature. In which case the electron gas should be treated quantum-mechanically?

Hint: start with the de Broglie wavelength.
A4. A particle of mass m and energy E is moving in the 1-dimensional potential
V=00, x<0, V=0, x>0.

(a) Obtain the wavefunction which is the energy eigenstate. Don’t worry about normaliza-
tion.

(b) Is this wavefunction also a momentum eigenstate?
If yes, find the corresponding momentum. If not, expand the energy eigenstate found in
part (a) in momentum eigenstates.
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Quantum Mechanics Group B
Answer only two Group B questions

B1. Consider a hydrogen atom in the 2p state.

(a) What are possible values of the projection of angular momentum m for this state?

(b) What is the parity of this state?

(c) Find the expectation values of cos0 for all possible values of m, where 0 is the spherical
angle.

(d) Find the most probable values of 0 for all possible values of m.

(e) Find the radial probability density for this state.

(f) Calculate the expectation value of » for this state.

(g) Calculate the most probable value of r.

B2. The Hamiltonian of a one-dimensional charged harmonic oscillator (mass m, frequency ®)
in an external static electric field is

H=Ho-Fx
where Hy is the Hamiltonian of the unperturbed oscillator, and F is the electric force.

(a) Find the energy spectrum of this Hamiltonian.

(b) Find the ground-state wavefunction for this Hamiltonian.

(c) Suppose at <0 the unperturbed oscillator is in its ground state. At /=0 the external field is
suddenly switched on. What is the probability that the oscillator remains in its ground
state?

(d) Suppose for some value of " and o the probability is 0.1. How will this value change if
the field has increased by a factor of two.

Hint: start with completing square in the Hamiltonian H.

B3. Consider a harmonic oscillator (mass m, frequency o) at /=0 in a superposition state

Y(z) = %[E’o[i’) + ¢ (z)]

Where yo and 1 are energy eigenstates.
(a) Calculate the expectation values of position x, momentum px, Hamiltonian A and parity P
at 1=0.
(b) Which of the observables listed above are conserved?
(c) Find the wavefunction at £0.
(d) If you decided that some of the observables listed in part (a) above are not conserved, cal-
culate the time dependence of their expectation values.
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B4. A particle of mass m is moving in the 1-dimensional potential
V(x)=0, x<0; V(x)=0, 0<x<a; V(x)=Vo, x>0.

(a) Find the particle’s wavefunction if its energy E<Vy

(b) Set up an equation allowing determination of the particle’s eigenenergies.

(c) Show that in the limit Vo—oo the particle’s wavefunctions and its energy eigenvalues turn
into those for the infinite potential well problem.

Electrodynamics Group A
Answer only two Group A questions

Al. An infinite, linear dielectric slab of thickness d and permittivity € occupies the region
—d/2 < z < d/2. The slab is placed in an otherwise uniform electric field

Assume vacuum outside the slab.
1. Determine the electric field E(z)everywhere.
2. Find the bound surface charge densities at z = +d /2.

3. Compute the polarization P inside the slab and verify consistency with boundary condi-
tions.

A2. A conducting rod of negligible resistance and length L = 0.50 slides on two parallel rails
with a constant speed of v = 8.0 m/s. The rails are connected through a resistor of resistance

R = 4.0 Q. A uniform magnetic field of magnitude B = 0.30 T points perpendicular to the plane
of the rails. What external power is required to keep the rod moving at constant speed?

A3. A capacitor comprises a long straight thin wire and a long thin cylindrical shell of radius R.
The electric field outside the shell is zero everywhere. The field immediately inside the cylinder
has magnitude Eo and points towards the wire. Calculate the linear charge density on the wire
and the surface charge density on the cylinder.

A4, In a certain region of space the free current density is given by j=jo(y*+z?)ex where jo=200
A/m*. Find the B-field vector at (x,y,2)=(1,2,1) m.
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Electrodynamics Group B
Answer only two Group B questions

B1. A grounded conducting sphere of radius R is centered at the origin. A point charge q is
placed on the z-axis at position z = a, where a > R.

1. Use the method of images to find the electrostatic potential outside the sphere.
2. Determine the magnitude and position of the image charge.

3. Find the total induced charge on the conducting sphere.
4

Find the force acting on the point charge q.

B2. A resistor R and capacitor C are connected in series with a battery of emf V. At time t = 0,
the switch is closed and the capacitor is initially uncharged.

1. Find the current I(t) in the circuit.
2. Find the charge Q(t) on the capacitor.

3. Find the voltage across the capacitor V. (t).

4. Determine the characteristic time scale of the charging process.
5. Find the energy stored in the capacitor after a long time.

B3. A thin spherical shell of radius R carries a uniform surface charge density a. The shell ro-
tates with a constant angular velocity

w = wZ.
Assume the rotation is nonrelativistic, so electrostatic charge redistribution can be neglected.

1. Find the surface current density K.

2. Using the Biot—Savart law, find the magnetic field at the center of the sphere.

B4. A long solenoid of radius a, length L (L>>a), and number of loops N, is driven by an alter-
nating current /(¢).

1. Find the magnetic field inside and outside the solenoid.
2. Find the induced electric field inside and outside the solenoid.

3. Does your calculation of the magnetic field contain an approximation? If yes, find the con-
dition under which this approximation is valid. Check this condition quantitatively if N=1000,
L=0.1 m, a=0.01m, I=Iocos(wt), ®=100 s™'. Hint: think about the Maxwell’s generalization of the
Ampere’s law.



Physical constants

Speed of light................. c=2.998x10* m/s

Planck’s constant .......... h=6.626x10" J-s
Planck’s constant / 27.... i=1.055x107* J-s
Electron mass ................ m, =9.109x107" kg

Electron’s rest energy .... 511.0 keV
Boltzmann constant ....... k, =1.381x107 J/K

Compton wavelength ..... Ac = L: 2.426 pm
m.c
Elementary charge ........ e=1.602x10" C
Proton mass .................. m,=1.673x10""kg=1836m,
Atomic mass unit .......... 1 u=1.66 x 10?7 kg

Electric permittivity ...... &, =8.854x10™" F/m

Az’

Bohr radius.................... a, = =0.5292 A

e'm,
Magnetic permeability .... 1, =1.257x107° H/m
Rydberg unit of energy ... Ry =13.6 eV

Rydberg constant........... R=1.097x107 m!
1 hartree (=2 Ry)............. E, = h22=27.21 eV

m,a,
Molar gas constant.......... R=8.314 J/mol-K
Gravitational constant...... G = 6.674x10™"" m’/ kg s°
Avogadro constant ........ N, =6.022x10* mol™
RC oo hc=1240 eV -nm

1 &

Fine structure constant .. o =

4re, he
Relativistic dynamics
E=mc*y p=mvy y=(1-v*/c?) 12
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TRIGONOMETRY

sin(a + ) =sina cos f+cosasin
sin(a — ) =sina cos f —cosasin
cos(a + f) =cosacos f—sinasin
cos(a — ) =cosacos f+sinasin
sin(26) =2sin & cos

c0s(20) = cos’ @ —sin’ @ =1-2sin* @ =2cos’ 6 -1
sina sin B = +[cos(a — ) —cos(a + )]
cosa cos ff = %[cos(a — ) +cos(a + ﬁ)]
sina cos 8 =L[sin(a + f) +sin(a — f)]
cosasin B =[sin(a + f)—sin(a - §)]
For small x:

sinxzx—%x3

cosx~1—-1x?

tanx ~ x+1x°

QUANTUM MECHANICS

Current density

j=—("Vi -V

2mi

Ehrenfest theorem

diz) (p) dp) _
i ~ m dt = (F)

Angular momentum: [L,L 1=iAL, et cycl.

Wave function of a particle in an infinite square well with the walls at x=0 and x=L

, 2\ 1/2 s
U, (x) = (E> sin (%r) , n=12 ..
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Table Spherical harmonics and their.expressions in Cartesian coordinates.

Yim (0, )

Yim(x,y,2)

Yoo(6, 9) = =

Y1000, 9) =/ 4—3; cos @
1,410, 9) = F,/ = €+ sin 0

Y200, 9) = /1757 Beos’0 — 1)

Yoo(x, y,z) = ﬁ

Yio(x,y,2) = /& 2

i
Yl,il(xd’,z) =%F % %

[ 5 3222
YZO(xayaZ)= 167 Zr2r

Y2410, 9) = Ff 12 €+ sin 6 cos 6 Yo11(x,,2) = Fyf o> (x:t;zgz
/ ] : 2_,249;
Yz’:j:z(@, (0) — 312—31_ e:tZz‘P sln20 Y2,:i:2(3€,y,2) =F 312_57[ X Zrél:thX

Stationary states of harmonic oscillator forn =0 and n = 1:

@y (x) = (

(Dl(x):(

ma 1/2
where ¢ = (—j .
7}

1/2
T

Ry

PR
n

Hydrogen atom: E, =

1/2
a —
c
1/2
7z'/

a 1/2 a’x
j 2axe ?

2.2

a~x

2
9

2.2

me*
2(4rmey))' 1

Radial functions for the hydrogen atom R,(r):

2 r
RlO(r) = 3/2 exp[_ J’
a ao

0

2
Ry (r) = (2a0)3/2 {1

A PO
2a, P 2a, )

r
R, (r)= 2412 52

0

exp| ——
P 2a, )
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ELECTROSTATICS

r 1 '
[[Bda-to; E=VO: [Edt-om)-om): o=
s 2 " 4re, |r—r|

Work done: W = —‘1‘1 qE-dt=gq[D(b)-D(a)].

Energy stored in electric field: W =1¢, j E*dr=0%/2C.
Vv

. . q I rp 1 1 XX,
Multipole expansion: @(r) = + + — —L .
P P r) dreyr dne, 1 4ze, Z;Q” r

Field of electric dipole:
_3r(p-r)—p

E(r :
(r) Aeqrd

Monopole moment: ¢ = j p(r)d’r.
Dipole moment: p = Ip(r)ra”r .

Quadrupole moment : O, = Ip(r) [313.1”_7 —rzé;j]d3r (notation: r,=x, ,=y, ,=2).

Parallel-plate capacitor: C =g, 3
. . ab
Spherical capacitor: C =4re,
—da

Cylindrical capacitor: C =2z, _L (for alength L).
In(b/ a)

Relative permittivity: & =1+ y,.

Bound charges: p, =-V-P ; o, =P-n.

MAGNETOSTATICS

Relative permeability: g =1+y, .
Lorentz force: F=gE+¢g(vxB).
Current densities: 7 =IJ-dA, I =_[K-d€.

1dIxR
RZ
B-field inside of an infinitely long solenoid: B = y,n/¢ (n is the number of turns per unit length).

Biot-Savart Law: B(r) = f—oj (R is vector from source point to field point r) .
V4

encl *

Ampere’s law: DjB-de = ol

Magnetic dipole moment of a planar current distribution: m =/ J da.



Force on a magnetic dipole: F=V(m-B).

Torque on a magnetic dipole: T=mxB .

4, 3r(m-r)—m
4z P
Bound currents: J, =VxM; K, =Mxn.

B-field of magnetic dipole:  B(r) =

Maxwell’s equations in vacuum

VE=£Z Gauss’ law
)
V-B=0 no magnetic charge
VxE = —%—B Faraday’s law
t
OE , . , .
VxB = uyJ+&,4, o Ampere’s law with Maxwell’s correction
¢

Maxwell’s equations in linear, isotropic, and homogeneous media

V-D=p, Gauss’ law
V-B=0 no magnetic charge
VxE = —%—]? Faraday’s law
oD , . , .
VxH=J; + = Ampere’s law with Maxwell’s correction
t

dF,
dr

Alternative way of writing Faraday’s law: mE -dl=—

Mutual and self inductance: F,=M, 1, ; F =LI.

Energy stored in magnetic field: W =14, j B*dr=1LI’ = %mA ddr.
Vv

Wave equations in a conducting medium:

OE 0’E OB 0’B
VE=uo—+ us—; V’B=puo—+ ue
a ot H ot? H ot H
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VECTOR IDENTITIES

Triple Products
() A-BxC)=B-(CxA)=C-(AxB)
(2) AxBxC)=BA-C)—C(A-B)
Product Rules
) Vo) =rVe)+g(Vf)
4 VA-B)=Ax(VxB) +Bx(VxA) +(A-V)B+ (B -V)A
5 V- (fA=f(V-A)+A-(V])
6) V- (AxB)=B-(VxA) —A-(VxB)
(7 VX (fA) = f(VxA) —Ax(Vf)
8) Vx(AxB) =B -V A-—(A-V)B+A(V-B)—B(V: A)
Second Derivatives
9 V- (VxA)=0
(10) Vx(Vf)=0

(1) Vx(VxA)=V(V.-A) —V?A

FUNDAMENTAL THEOREMS

Gradient Theorem:  ["(Vf).dl = f(b) — f(a)
Divergence Theorem: [(V-A)dt = ¢ A-da

Curl Theorem: J(VxA)-da=¢A-dl



CARTESIAN AND SPHERICAL UNIT VECTORS

% = (sin @ cos @)F + (cos O cos #)0 —sin ¢ ¢
¥ = (sin @sin @)F + (cos Osin §)0 + cos § ¢

Z=cos@r—sinf 0

INTEGRALS

Jm 1 dx— T
0 1+bx’ 2b'"?

L n!
J. x"e ™ dx =
0 bn+1

J.()c2 +b7) P dx = ln(x+\/)c2 +b2)

_[(xz +b)) dx = 1 arctan (zj
b b

X

b +b?

bx X

22+arctan(j

[ by 2ar = X2 b
2b°

[ +b) e =

J.%: %ln(x2 +b2)
X

_[ dx 1 In x?
x(x*+b%) 2 x> +b’
dx 1 ax—b
J. 2.2 2 In =
ax —-b 2ab ax+b

= - L artanh (EJ
ab b

j xledy=—e (x4 +4x° +12x% +24x+24

© n _—x
J.O x"e dx=n!

] )
0

o0 2 2
f e " dr =
0

* ony1
[ T n4 e~
0
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—p2 /2
e T dr = wl/?

(2n — 1)!!

5 a2 n=1,2.

n!

“dr = o= 0,1,..

=



