UNL - Department of Physics and Astronomy

Preliminary Examination - Day 1
Friday, August 11, 2023

This test covers the topics of Quantum Mechanics (Topic 1) and Electrodynamics (Topic 2). Each
topic has 4 “A” questions and 4 “B” questions. Work two problems from each group. Thus, you
will work on a total of 8 questions today, 4 from each topic.

Note: If you do more than two problems in a group, only the first two (in the order they appear
in this handout) will be graded. For instance, if you do problems A1, A3, and A4, only Al and A3
will be graded.

WRITE YOUR ANSWERS ON ONE SIDE OF THE PAPER ONLY
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Quantum Mechanics Group A - Answer only two Group A guestions

Al. Gamma rays of energy 1.00 MeV are scattered from electrons at rest. The scattering is sym-
metric, that is the photon scattering angle 8 equals the electron scattering angle ¢. Find the

scattering angle @ and the energy of the scattered photons.

A2. We consider the operators T, =e” and T, =e”, where A is hermitian.

a. Is T, hermitian?

b. Is T, hermitian?

A3. Derive the Ehrenfest theorem,

%w)(z) | L1 p(e) = ()| HL~ LH | p(0),

where H is the Hamiltonian, L is an operator (observable) which does not depend on time ex-
plicitly, and ¢(¢) is the time-dependent wavefunction.

A4. A particle moves in the potential
V(x) shown in the figure. For x < 0, the V(x)
potential is 0. For x > 0, it is V. The to-

tal energy of the particle is E, =<V,

(dashed line in the figure). Coming from
the left, the particle’s wavefunction at E =1V,

some position x=x, (see figure) is

w(x=x,)=15w(0). The total energy is Xx=0 X =X
now increased to the value E, such

that w(x=x,)=1y(0). Calculate E, / V.
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Quantum Mechanics Group B - Answer only two Group B questions

B1. The Hamiltonian operator for a two-state system is given by
H=a( |1(1]=2)2]+|12[+[2)(1] )

where a is a number with the dimension of energy. Find the energy eigenvalues and the corre-
sponding (unnormalized) energy eigenkets (as linear combinations of |1) and |2)).

B2. A particle with mass m moves in a delta-function potential
V(x)=-V,a0(x)

and has total energy —E < 0. Find the particle’s stationary wavefunction and the energy E.

1 0
B3. A system consists of two linearly independent states |1) :[OJ and |2) = [J The Hamilto-

h k
nian has the form H :[k h] where h and k are real constants. If the system is initially pre-

pared in state |2) attimet =0, what is its state at a later time t?

B4. Consider a particle in a state given by the wavefunction W¥(x,t)= A exp(—x’/a’) exp(—iEt/ 1),

where A is a real number.

a. Find (x) and (x*).
b. Assuming this is a state of minimum uncertainty, find the standard deviation of the mo-
mentum distribution, o,-
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Electrodynamics Group A - Answer only two Group A questions

Al.

”

a. Find the volume charge density p(r) creating the electric field E = are™” where a and b

are positive constants.

b. Plot (sketch) p(r) over the whole range of r. Find the zero and minimum of p(r) and indicate
it on the graph.

¢. Whatisthe total charge of the system? Answer this question without integrating the charge
density found in part (a). Interpret this result in terms of the plot drawn in part (b).

A2. Three point charges, g, -2q/3, and —q/3, are placed at the vertices of an equilateral triangle
with side a. Find the magnitude and direction of the dipole moment p of the system in terms of
g and a. Indicate the direction by finding the angle between vector p and the line joining the
second and the third charges.

A3. A sphere of radius R carries a polarization
P(r)=kr,
where k is a constant and r is the vector from the center.

a. Calculate the surface and volume bound charges
b. Calculate the field inside and outside the sphere

A4. A long cylindrical cable carries current in one direction with the current density J =as,

where g is a constant, and s is the distance from the cylinder’s axis. The current returns along the
surface (there is a very thin insulating sheath separating the currents). Find

a. The magnetic field as a function of s.
b. The self-inductance per unit length.
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Electrodynamics Group B - Answer only two Group B questions

B1. Asquare loop, side g, resistance R, lies at a distance s (s >
a) from an infinite straight wire that carries current /. The loop
performs a half of revolution about its bottom side arriving
into the position indicated by the dashed square.

a. Indicate the direction of the induced current at both
positions.

b. What total charge passes a given point in the loop?
The answer to part (a) is important for this calculation. Ji

B2. The intensity of the radiation from a small light source is 10 W/m? at the distance r=1m

from the source. It may help to remind you that the Poynting vector S = ﬂL(ExB) is the en-
0

ergy transported by the EM fields per unit time per unit area.

Find
a. The total time-averaged radiated power.
b. The electric and magnetic field amplitudesatr=1mand r=3 m.
c. The average energy densityatr=1mandr=3m.

B3. A uniform line charge with the linear charge density A is placed on an infinite straight wire, a
distance d from a grounded conducting plane. Choose a Cartesian coordinate system where the
xy plane is the conducting plane, and the wire is parallel to the x axis.

a. Find the potential in the region above the plane at an arbitrary point (x,y,z).

b. Find the surface charge density induced on the conducting plane.

c. Find the total charge on a strip on the conducting plane whose length is infinite in the y
direction and whose width is ¢ in the x direction.

B4. The density of electrons in copper is 0.847x10% electrons / cc.

a. Calculate the average electron velocity in a copper wire 1 mm in diameter, carrying a
current 1 A.

b. What is the force of attraction per unit length between two such wires, 1 cm apart?
Suppose the positive ions are somehow removed from the wire. What is the ratio of the
electrical force to the magnetic force you found in (b)? Find both an algebraic and a quan-
titative expression. What happens to this ratio as the current in the wire is increased?



Physical constants

speed of light .............. ¢=2.998x10° m/s
Planck’s constant ....... h=6.626x10"*J-s
Planck’s constant / 27 #=1.055x10"* J-s
Boltzmann constant .. k, =1.381x10> J/K
elementary charge .....e=1.602x10™" C
electric permittivity ... £, =8.854x10™* F/m
magnetic permeability x4, =1.257x10° H/m
molar gas constant...... R=8314 J/mol-K

Avogadro constant .... N, =6.022x10* mol™
fine structure constant o =ke?/(hc)

Equations That May Be Helpful

TRIGONOMETRY
sin(a + f) =sina cos f + cosasin

sin(a — f) =sina cos f# —cosa sin ff
cos(a + ff) =cosacos f—sinasin

cos(a — f) =cosa cos [ +sinasin

sin(26) =2sinfcos
cos(20) = cos® @ —sin* @ =1-2sin* @ =2cos* 6 -1

sinasin 3 = %[cos(a — ) —cos(a + ﬂ)]
cosa cos ff = %[cos(a — pB)+cos(a + ,6’)}
sinacos ff = %[sin(a + ) +sin(a — ﬂ)]

cosasin ff = %[sin(a + ) —sin(a — ﬂ)]

cos(ix)=cosh(x)
sin(ix)=isinh(x)

For small x:

sinx~x—1x°

cosx~1-1x’

tanx ~ x +1x°
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electrostatic const.... k = (47¢,)" =8.988x10° m/F
electron mass .......... m, =9.109x10"" kg

electron rest energy 511.0 keV

Compton wavelength 4. =h/mc=2.426 pm
proton mass ............ m, =1.673x10"" kg =1836m,
1 bORT .o a, =h*/ ke*m, =0.5292 A

1hartree (=2 Ry) E, =#*/m_a’ =27.21 eV

el 0

gravitational constant G =6.674x10" m’/ kg s’

HC e hc=1240 eV -nm
1Ry =13.6 eV
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QUANTUM MECHANICS

[AB,C|=A[B,C]+[A,C]B

Angular momentum: [LX,Ly]zihLz et cycl.

L, | ¢,my=n(£+m+1)(L—m)|£,m+1)

Ladder operators:
L | ¢,my=n(£+m)(—m+1)|£,m—1)

Gyromagneic ratio for electron (SI units) = e/m

Compton formula

AN — A= Ac(1 —cosh)

) ) 0 1 0 —i 1 0
Pauli matrices: o = , o =| . , O =
10 Y i 0 =0 -1

Table Spherical harmonics and their.expressions in Cartesian coordinates.

Yim (6, 0) Yim(x, y,2)

Yo0(0,9) = —= Yoo(x, 3,2) = 7=

Y100, 9) = |2 cos 0 Yiox, y,2) = /& £

V1,410, 9) = ?@eiw sin @ Y1,210x, 9,2) = Fyf o 22
Y2000, 9) = \/% (3cos?0 — 1) Yoo(x,y,2) = \/1—%; —
Y2,41(0, ) = F,/ 2> e*'* sin O cos 0 Yo,41(x,v,2) = :ﬁ/%”—ﬁlE

2 . 23240
Y2,420, 9) = / 5 €77 sin’ 0 Yo 42(x, 9, 2) = Fyf mae ToLF2W
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Smﬁnﬂury states ﬂf harmonic oscillator for n=0 and n=1

( Ve
%(x}=‘ 12 ‘ e
VAT
A2
@,(x)= m 2axe ™

where o =(mae /[ h }H1

Ladder operators for harmonic oscillator
1 ( P )
ay = — | r Fi—
= V2 T hucy

Radial functions for the hydrogen atom Rui(r)
2

Rio(r) = — exp(—r/a _ 2 (e ,
0(r) = T P(r/0)  Ra(r) = (o[l — r/(200)] explr/ (2a0)]
R?l('r) = w GXP[—'T’/(Q(LD}]
ELECTROSTATICS
fpE-hdn-ts E=vV [Ede-VE)-Vir) ORI L
S &y 5 dre, |r—r|

b
Work done W = —IqE -de=g[V(b)-V(a)] Energy stored in elec. field: W=1¢ I E*dr=Q*/2C
a Vv

. XX,
Multipole expansion: ®(r) = 1 . 1r 3p + 11 Z ;—==+..., in which
dreyr Anme, 0 Ame, 257 v

q= I p(r)d’r  is the monopole moment
p= I p(r)rd’r is the dipole moment

Q, = J. p(r)[31’irj - rZQj}dar is the quadrupole moment (notation: , =x, r, =y, r,=z)

Relative permittivity: ¢ =1+ g,
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Bound charges

p,=-V-P
o,=P-n
A
Parallel-plate: C=g¢, 7
. ab
Spherical: C=dme,—
b-a
Cylindrical: C=2rs, _ L (for alength L)
In(b/ a)
MAGNETOSTATICS
Relative permeability: x4 =1+ y_
Lorentz Force: F=gE+g(vxB) Current densities: = I] -dA, I= I K-de
Biot-Savart Law: B(r)= Z—OI Idf;: R (R is vector from source point to field point r)
7

Infinitely long solenoid: B-field inside is B = gy nl (nis number of turns per unit length)

Ampere’s law: 4)3 de= I,
Magnetic dipole moment of a current distribution is given by m =1 Ida
Force on magnetic dipole: ~ F=V(m-B)

Torque on magnetic dipole: T=mxB

B-field of magnetic dipole: ~ B(r) = 4, 3t(m-f)—m

47 r

Bound currents
J, =V xM
K, =Mxn
Maxwell’s Equations in vacuum
1. V-E= £ Gauss’ Law

gO
2. V:-B=0 no magnetic charge
3. VxE= —% Faraday’s Law

b

VxB=pu]J+e&,1, aa—f Ampere’s Law with Maxwell’s correction
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Maxwell’s Equations in linear, isotropic, and homogeneous (LIH) media

1. V-D=p, Gauss’ Law
2. V-B=0 no magnetic charge
3. VxE= —% Faraday’s Law
oD , . , .
4. VxH=]J, + = Ampere’s Law with Maxwell’s correction

aod
dt

127

B

Alternative way of writing Faraday’s Law: CﬁE Al =—

Mutual and self inductance: ®,=M, I, and M, =M O=LI

Energy stored in magnetic field: W=21," I Bdr =1LI* = %Sﬁ A-Tdl
|4

Wave equations in a conducting medium

PE OB ,n B 0B
oz TH — Mg THOG

V2E = pe

Boundary conditions in electrodynamics

e Ef —eEf =05, Ej—E)=0

Bi — B+ =0, iB']' - iB!_l =K, x i
o o
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- o VECTOR DERIVATIVES YECTOR IDENTITIES
Cartesian. dl=dxR+dyV+dzi; dr=dxdydz
% o 2 Triple Products
Gradient : i = ZipZied;
ax ady” a2 (1) A-BxC)=B-(CxA)=C-(AxB)
. . gy o du By O %) Ax ~B(A C) - CA-B
Divergence: V-v = ..‘...g+mu‘+...._N @ BxC) (A C)-C( )
ch« mcg_v . ﬁwcw mcﬁv . Am.? me..v . Product Rules
Curl ; Vxv = —_——-— Xt | ——-— ) ¥t |——-— 2 .
dy bz dx dx By ) V(fe)=f(Ve)+gVf)
Laplacian : Vi = wln;+m|uu+m.|MH 4 VAB=Ax(VxB+Bx(VxA) (A -VIB|(B-V)A

. . (5) V-(fA)=f(V-A)+A-(V])
Spherical. dl=dri+rdif +rsin6dg¢; dr =r’sinfdrddde
6) V-(AxB)=B-(VxA) A-(VxB)
g, dig 1 b,

Gradient : Vi = St rnl Tt rmeas? N Vx(fA) = f(V x A)— A x (V)
. e - LB LB 1 vy (8) Vx(AxB)=(B-V)A~(A-V)B+AV-B) - B(V-A)
Divergence:  V-v = -.u?.? =L+wu.Emmm?_=¢§v+nﬁ.um ¢
Second Derivatives
Curl : Vay = ——| 2 inguy - 223
urt: = rsine Lag M T 5 9 V- (VxA)=0
171 du @ 179 a7 » (10) Vx(VF)=0
- TEQ ) mqoez”_m+ n?&!& N QT
(1) Vx(VxA)=V(V-A)— VA
18 a 1 a Bt 1
lacian: V% = ——(r2 = (sinp- —_—
Laplacian ! Zor m_. ?v F Zsno a0 Tsm%u Y inZo 997
Cylindrical.  dl=ds8+sdo @ +dz3; dr =sdsdpdz FUNDAMENTAL THEOREMS
ient : o Jg MO L B - . ..
Gradient : Vi = »au_wmﬁ$+mmn r
. Gradient Theorem :  ['(V[)-dl= f(b) - f(a)
Divergence: V-v = L+ (ouy4 220, v
Tgemae = Su T T Divergence Theorem :  [(V - A)dr = § A - da
18v, 8vs). [8v, dv,]s 12 vl Curl Theorem : V X A)-da=FA-dl
/i H v = _0 T .k a —_— _— -.—.n X A)-da %.
Curl v T& QLT.,TN ET;T“A.:S éu_n

19 ot 1 0% o
Laplacian : V¢ = —— st ms+=
Apracan 5 ds Aq v t 2 T
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CARTESIAN AND SPHERICAL UNIT VECTORS

X = (sin @ cos §)t + (cos @ cos #) — sin ¢ (Ap
y =(sinfsin ¢)t + (cosIsin $)0 + cos ¢ (Ap
2=cosft—sind o

INTEGRALS

de = —e (2t + 42 + 1222 + 24z + 24)

/:1?46_33

—dx = 7/ 2b"?

1+

i
pmax’ vz I :

x"e l”‘dx—

bn+1

J.(x +b*)Pdx = ln(x+\/x2+b2)

20.‘ 2 251 1
y a2 \/; I(x +b°) " dx = Earctan(x/b)
X“e "
4 a3/2 J‘(XZ +b2)73/2dx — X
3 _gx2 1 b*\x* +b’
X"€ 77 ol —
2a2 j 5 rarctan(x/b)
2 2\—2
) 3 (x*+b°)"dx = 5
48 I 8;/5/;2 xdx 1 ?
2 J.z—bZ = Eln(xz +b2)
5 ,—ax 1 o
€ 77 3 dx 1 x’
a & Ly,
x(x> +b%) 2 |\ X +b°
68—0 x2 157
--------------- 6472 S
a’x* - b 2ab  \ax+b

- iar’canh o
ab b



