EM Problems

B1. A long coaxial cable carries current / such that it flows uniformly down the surface of the
inner cylinder of radius a and goes back along the outer cylinder of radius b, as shown in the
figure below. Assuming that the two conductors have the potential difference V" and the space
between the wires is filled by the dielectric material of dielectric permittivity €,

1. find the magnitude of the linear change A on the inner wire;
2. find the electric field E everywhere in space;

3. calculate the electric polarization P related to the electric displacement D by D=gE+P;

4. calculate the bound charge densities (o and o) induced by the polarization P. Show that the
total bound charge is zero;

5. find the magnetic field B everywhere.

N b
oP,
Useful formula: V - P =li(sPs)+l_¢+8£
s Os s 0p Oz
Solution:

1. The potential difference implies that there is an electric field between the conductors which is
associated with free charges on the conductors. Due to symmetry of the problem the charge is
distributed uniformly. Assume that the linear change density of the inner conductor is A. Then
the electric field can be found from the Gauss’s law which in the presence of dielectric material
says that

mDnM=Q,
S



where D is the electric displacement, and Q is the total free charge enclosed by surface S. By
integrating over the cylinder shown in the figure above and taking into account that due to
symmetry the electric displacement D is pointed along the radius § we find that

jD-da =D2nsl=Al,

S
which gives

p-*5
2r's
Electric field E is therefore
g-R_48§
e 2rnes

But we know that the potential difference V' is determined by the electric field so that

b b
VzJE-dl:i ézilniéj.
/ 2mes s 2me a

This gives the linear charge density of

A==22rcVIn"" (éj .
a

2. The electric field inside the cable is therefore

E=—VIn" (2]5.
a)s

Outside the cable the electric field is zero because the linear charge on the outer cylinder is
opposite to that on this inner cylinder.

3. The electric field E produces electric polarization P and electric displacement D which are
related as follows

D=¢cE=¢E+P.
Therefore, we have

P=(c—¢)E=—(c-¢,)VIn" (éjé
ajs

4. The bulk bound charge density is given by the polarization divergence
10 bYl1o( 1
=-V-P=——(sP)=(c—¢,)VIn"'| = |-——| s— |=0.
Ps s@s( )= ) (ajs@s( sj

The surface bound charge density on the inner cylinder is

e ()

a a

A

o,=P-s

sS=a

The surface bound charge density on the outer cylinder is



o,=—P-s

— (8 - gO)V ln—l (é) )
b

s=b a

It is easy to see that the total bound change is zero by calculating the linear bound change on the
inner and outer cylinders. By integrating the surface bound charges over the circles of radius a
and b respectively we find for the inner cylinder

Ay ==27(e—&,)VIn"! (éj,

a
and for the outer cylinder

Ay =2m(e—¢,)VIn™ (éj ,
a

which implies that the total bound charge is zero.

5. The magnetic field can be calculated using the Ampere’s law. Applying it to a circle C shown
in the figure above and using the symmetry of the problem we find for the region inside the cable

mB ~dl =2rsB(s) = p,d ,
N

which gives
I -
B=fg.
27rs
Outside the cable the magnetic field is zero due to currents on the outer and inner cylinders being
the same magnitude but flowing in the opposite directions.



B2. A parallel-plate capacitor (see a figure below) is charging such that the electric current / is
constant in time and the surface charge o is uniform at any given time and is zero at ¢ = 0.

1. Find an electric field E between the plates.
2. Find a magnetic field B between the plates.
3. Find the magnitude and direction of an EM energy flow given by Poynting’s vector S.

Assume that the separation between the plates w is much less than the radius of the capacitor a
(w << a) and neglect effects of fringe fields.

Solution:

1. The electric field in the capacitor is given by

E(t) = ?z
0

where the time-dependent surface change density is

t It
o200 _ 1
ra® wa
Therefore,
It
E()=——3.
TEYa

2. The displacement current through a surface bound by a circle of radius s (shown in the figure
by a dashed line) is given by



E
I, =gy—ns :IS—Z.
dt a
The magnetic field is obtained from
mB dl = /u()ld )
which leads to
§2
B2rs = pyl —
a
and therefore
Hol 5
B(s) = sQ .
( 27a’ g
3. The Poynting vector is
2
S=(ExB) = A (),
Hy U\ meya” 2ma 2rga

i.e. the EM energy flows towards the axis of the capacitor.
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B3. A metal hollow sphere of radius R is kept under a constant potential ®,. Find the electric

field E and the electrostatic potential @ inside and outside the sphere and determine the
surface charge density o

1. by using Gauss’s law;
2. by solving Laplace’s equation.
Show that the solutions are identical.

2
Useful formula: V2®(r,9,¢):%i(rza£)+ L ( n@agj %a_q;
r- or or ) r*sin0 00 00 ) r-sin” 0 o¢

Solution:

1. Assume that the sphere has surface change . According to Gauss’s law we have for the
electric field outside the sphere

Uj 47Z'R2
S 0
Using for the surface S the sphere of radius r>R and using symmetry of the problem we find
2
E-7% ;.
&l

Hence the electrostatic potential outside the sphere is

r 2 r
- [Eedr=-28 jiz -
The surface change density can be found from the given potential on the sphere which leads to
_ &Py
e
Therefore outside the sphere the electric field is
E() =0,
r
and the potential is
o = Dok
r

Inside the sphere r<R Gauss’s law theorem says that the electric field is zero and consequently
the electrostatic potential is constant

D(r)=0,.



2. Laplace’s equation away from the surface says that
Vo =0.
Using the spherical symmetry of the problem we can write
1 0| ,0
—— I rr—ad(r) |=0.
r? 61{ or ( )}
A general solution of this equation is

(D(r)=£+B,
r

where 4 and B are some constants which are to be found according to boundary conditions.
Outside the sphere, >R, since ® — 0 at infinity, we find that B = 0. At r=R the potential
®(R)=Dd,, so that 4 =D R . This leads to

D(r)= DR .
r

The electric field is given by

E(r)=-VO(r) = aﬁ(q)Oij _ DRy
s

r 7'2

Inside the sphere A=0 (otherwise the potential would diverge at r=0 which is unphysical) and
B=®, due to the boundary condition of the surface. This gives the potential inside the sphere

O(r) =D,
and consequently the electric field E = 0. The surface charge can be found from discontinuity of
the normal component of the electric field on the boundary. This gives
_ %o

R
Apparently that the results obtained by the two methods are identical.
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B4. Consider electromagnetic waves in for free space in the form:
E(x,y,z,t) =E,(x,y)e' ™"
B(x,,2,t) =B, (x,y)e ™"
where E and B, lie in the xy-plane.
1. Using Maxwell’s equations, find the relation between k and w.
2. Show that E;, B,, and Z are mutually orthogonal, and find the relation between |EO| and
[B,|.

3. Show that E (x,y) and B,(x,y) satisfy the equations of electrostatic and magnetostatic in

free space.
Solution:
Xy 1z Xy oz
V><E:—i 9 i:_i 9 ikl eite=en —
ox oy oz ox Oy
1. E E L E, E, 0
OE,, OE, | _
= _l'kEO f(+ikEOxy+ ﬁ_aﬁ 7 e’("z*wt):(l'kiXEo+VXE0)ez(kz—wt)'
: ox oy
Similarly, VxB= (ZkixBO +VXBO)ei(kz—(ot).
Maxwell’s equations, VxE = —(’;—B, VxB= in—E , have therefore form:
t c ot

ikixE, =ioB, -V xE,, ikixB,=-"2E,—VxB,.
C
Noting that VxE, and V xB, have only z components, while VxE, and ZxB,, are in the xy

plane we obtain: VxE; =0, VxB;=0, and

~ w ~ [0}
zxE, :;Bo (*), zxB, =_FEO (**).

Taking the vector product of Z and (*), we have E = —%i x B, . Substitution into (**) gives:

2

w o
22=10rk=—
kc c

2. Equations (*) and (**) relate E,and B, showing that E;, B, and Z are mutually

perpendicular forming a right-hand set. Their amplitudes are related: |E0| = c|B0| .



3. Maxwell’s equations, V-E=0, V-B=0 ,give: V-E;=0 and V-B;=0.
These equations, together with VxE; =0 and VxB, =0, imply that E (x,y) and B(x,y)
satisfy the equations of electrostatic and magnetostatic in free space.
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Al. Two parallel electric dipoles p, and p, are separated by distance a and oriented

perpendicular to the line connecting them.
(1) Find the magnitude and direction of the electric field which is produced by dipole p, at a

position of p,.
(2) Find the electrostatic energy corresponding to the given dipole configuration.

(3) Calculate the work which must be done to reverse the orientation of one of the dipole
moments.

Hint: Use the expression for the electrostatic potential which is produced by a dipole p at point r:

1 -r
(D(r) = p—3
drey r

Solution:

(1) The electric field produced by a dipole is

E(r):—Vd)(r):—41 v(p—sz— 1 {%V(p-r)+(p-r)V(%ﬂ.

g, r drey | r r

In Cartesian coordinates the i component of V(p . r) is

0 ox ;
Vi(pr)= gzpjxj = ij a_x] :Z ;% =Pi>
rJ J i J

which implies that

V(pr)=p.
L 1 3r
Taking into account the fact that V| — |=——, we have
r r
3r(p-r)—r?
E(r) = 1 ! [ r(p rs) i p] . (IF: give them this eq. in the cheat sheet to make it easier, then
& r

the derivation is unnecessary).

The electric field which is produced by dipole p, at a position of dipole p, is therefore:

E (a)= ! [3a(p1~a)—a2p1:|:_ P

g, a 47250a3

2

where a is the radius vector connecting the dipoles and we took into account that p,-a=0.

(2) The electrostatic energy of a dipole p in an external electric field E is

Eel:_p‘E.



In our case therefore

Py P np
E,=p, E(r)=-" 13 =2
drega  4Armeya

3

(3) The work which must be done to reverse the orientation of one of the dipole moments is
equal to the difference in the electrostatic energy corresponding to the two opposite dipole
configurations, i.e.

W= 1911723 .
2rgya
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A2. An RC circuit consists of a resistor with resistance R and a charged
capacitor with capacitance C and voltage Vo, across the plates. At time t |
= 0 the switch is closed. C
(1) Calculate the electric current flowing in the circuit as a function of
time.
(2) Show that the initial electrical energy stored in the capacitor is fully dissipated in the
resistor at t = oo,

Solution:

(1) When the switch is closed, the capacitor will discharge its stored energy through the resistor.
If V() is to be the voltage of the capacitor’s top plate relative to its bottom plate, then the current
dQ(t) __¢ dv(t)

dt dt
law says this current is the same current entering the top side of the resistor, which per Ohm's
law equals 7(¢) = RV (¢) . This yields a linear differential equation:

av ()

1(?) exiting the capacitor's top plate will equal to 7(¢) =— . Kirchhoff's current

-C

=RV(¢).
Considering V' (0) =V, the solution of this equation yields:

t
V(t)=V,e *,

and therefore

t

V __
I(t)=—"Le RO,
(?) R

2
(2) The initial energy stored in the capacitor is W, = C;/O .

The energy dissipated in the resistor is

Wy =I]2(t)Rdt:j—Oe Rcdtz_V_O_Ce RC| — r, .
0 0 R R 2 0 2

We therefore have W,. =W, , which implies that the initial electrical energy stored in the
capacitor is fully dissipated in the resistor.
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Estimate the quantum mechanical penetration of a small particle of dust of radius 10® m and density p=
10° kg/m?, moving at velocity v = 10 m/s into a barrier with 4 times the particle’s kinetic energy. Assume

that penetration occurs only for a probability greater than 1/e, and that the volume of a sphere is %nR3.

N =4E« X
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Consider the potential shown. Draw in as much detail as you can the wave function of a particle at energy
4 eV and explain the main characteristics of your wave function.
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. (p) =0 (8)
N <p> 3pt
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erposition of two cigenstates which correspond to two

//('
‘/'
/

(c) The state is a sup
possible measurement outcomes for total energy:

)= E=h/2  (gyand10)2pt )
— B =5hw/2 ~ (10)

~

The probability of each potential is the sqﬁare magnitude of the projection
onto the corresponding eigenstate:

B=thwf/2: P=No[u(T)P=1/5 (11)and (1211
E=shw/2¢ P=|BE@)F=4/5 3P (12)

(d) The measureméilt at t = T collapses the wa¥e function to (L)) =
g3t ohbor & ST Therefore, all subsequent measurements of total energy

will yield E = Bhw/2. no'partial, just 5 pt
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The possible values of J, are

h(m,m £ 1) each with probability
1pt

(1)

1

1
3
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5pt (b) Find the expectation value of measurement J, in this state, and uncer-
tainty of its measurement.

(Jo) = (] J2

) :g[(m—1)+m+(m+1)]:hm 2pt (2)

I3
h? 2
AT = (1 T2 1) =91 e [8)? = 1)+ (1)~ (hm)? = 22 B
(3)
10pt (¢) Using properties of Jy = J, £ iJ, operators show that the expectation

value of Jy in this state is zero. Find the expectation value of J, in this
state, simplify it in the case j £ m > 1

1 1 » .
=27 Wl e = J- ) = o (W [9) = W4 [9)7) = Im (1 o [9) - 4~

(4) 3p

Since the state is purely real, and the matrix coefficients of J,-operator
are real, the imaginary part of this expression is zero, I'm (1| J |) = 0.

(Jy)

(o) = 5 01T+ T 1) = 5401 Jo b) + @1 T 1)) = Re (ol Jx o) g
) !

The non-zero contributions to this average come from terms

h

3
= g (\/(J —m)(G+m+ 1)+ —m+ )(jer))

<Jm> =

~

; h, . ;
Gy m 1y lgym) + 3 (g, m] Iy Jj,m — 1

_.___\M<‘-—"_
5pt (d) Using previous\t\’u%teps and the general uncertainty principle, what is
the minimal uncerta 'nt{m measuring J,, in this state?
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