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e ™
The quantum mechanical energy levels of a rotating
dumbbell are given by

E =B{(£+1) for¢=0,1,2,3,4,...

where B is the rotational constant. For each value of ¢ there are 2 +1 possible quantum states
of the same energy.

a. Give the partition function Z.
In parts b. and c. we assume T =2B/ k.

b. Make a table of the probabilities P, that the energy of the dumbbell is E,, for the values
¢=0, 1,2, and 3 only. Explain why higher values of ¢ are barely relevant at this tem-
perature.

¢. Give the average energy~of the dumbbell in terms of T .

d. What is the average energy foh T << B/k;? z %

i ’j g . Cuped = Z T

A pdt1
)C-/mru.;.n'/{g\ - m ’;“53 by f Oud@e/iu&ﬂecﬁ =t

ANSWERS

T=2B/k, = #B—-:%-—-/}B ==

8 4, 2= @01 ) =143 4567 470+ 9™+ 143¢7 +5e” + 7€ =2.36992

=0
At this temperature, the terms (2¢+1)e )
zero for increasing values of . The probability for particles to be in higher energy states

¢ > 4 becomes negligibly small. The term for ¢+1 is smaller than the term for ¢ by a

in the partition function rapidly approach

! -, and for ¢=3 this is already a factor ~0.01 .

f+
e

factor of approximately

o~ A@ We decide to take the value Z =2.36992 and calculate the probabilities:

(0, = g2 D= 45k P o.50% B=0737
S £ S EaTin ) = B (Peotpz+ Prbthoin)
5 = /.85 B

¢=o



A1. 300 g of aluminum block at 100 °C is placed in a calorimeter cup with 400 g of water. The
mass of the copper calorimeter cup is 80 g. The initial temperature of the water and the cup is
22 °C. What’s the final temperature? ( Cyater = 4.184]/g-K; ca =0.9]/g-K ccy =
0.385]/g-K)

Solution: (25 pt)

The heat input of the water and cup is the same as the heat output of the aluminum block.
Assuming the final temperature is 7:

(100 — T)CAI = (T — 22) (Cwater + Ccw) (5 pb)

Ca =300%x09]J/K=270]/K (5 pt)
Cwater = 400 X 4.184 /K = 1674 ]/K (5 pt)
Ccu =80x%x0.385]/K=30.8]/K (5 pt)
Hence: T=32.7 °C (5 pt)

A2. Consider an ideal gas system that changes temperature from 71 to 72. Show that the entropy
change of the isobaric process is y times of that of the isochoric process, where y = Cp/Cy.

Solution: (25 pt)

To calculate entropy change, we use:

dS =dQ/T,and dQ = dU + dW = dU + PdV. (5 pt)
In isochoric process: dV = 0, dQ = dU = C,dT,

dS =-dQ/T = C,dT/T. (5 pt)
In isobaric process: €Q = C,dT + PdV

Because P is constant: PdV = d(PV), dQ = C,dT + d(PV) (5 pt)

Because PV = nRT, dQ = C,dT + d(nRT) = C,dT +nRdT = (C, + nR)dT (5 pt)
dS = dQ/T = (C, + nR)dT/T.
Therefore, the ratio of the entropy change is

dSisobaric/ASisochoric = (€, + nR)/C, = Cp/Cv =Y. (5 pY)

A3. Show that for any PVT system with two degrees of freedom, the equation of state can be

found using In(V) = [ adT — k;dP , where a=%(2—¥) is the thermal expansion
P

. vy . . s
coefficient, kr = —% (%) is the isothermal compressibility.
T

Solution: (25 pt)



dv = (Z—Z)P dT + (S—Z)T dPp.

Hence:
v =), a7+ (G), 2P

Therefore,

) = (2 — (22 .

We can rewrite the definition:

o = (3111V)
- aT P’
dlnv
kT - _( opP )T,

which means:

In(V) = jadT — kdP.

(S pt)

(S pt)

(5 pY)

(5pY)

(S pt)



dapP

B1. Using the relation (a—U) =T (—) — P, show that the Joule Thompson coefficient
ov/r 1%

oT

apP aT

Solution: (25 pt)

Use the cyclic rule, we have:

&), = @), G, = -G/, = = G,
Here,

&), = G, + 5, @

&), = &), @),

Given (Z—;’)T =T (Z—;)V — P, this becomes:

@), =17 @), -?1), =7, G), —* (),
Using the cyclic rule, it follows that:

&), @), =),

Hence,

&), =7, PG, @

We also have:
o, =G, @

Substitute (2) and (3) into Eq. (1), one gets

(aT)H = 1/Cp[T (6—V)P — V] in the throttling process. (Hint: use the cyclic rule).

(3 pt)

(3 pt)

(3 pt)

(3 pt)

(3 pH

(3 pt)

(3 pt)

(), =), -+, +v+r (), =1(E), +v. om

Hence, the Joule Thompson coefficient is

@)= G =2 @), =5 16,1 om

B2. Consider a gas system that satisfies (ﬂ) =24 % and (Q)
P P T orP/

oT

= —Tf(P), where v is the

molar volume, a and R are constants, and f (p) is a function of P. Show that:

R
@ f(P) =
(b) The equation of state of this system is Pv = RT — aP /T .



Solution: (25 pt)

(a) Because the 2" order partial derivative:

2o m (0(2),so7), = (&) som), O

and (0 (55),/0P) = —R/P" G py
(0, /07), =~ G

one has

f(P) = R/P?, (3 pt)

(b) We can integrate to find the v,

v=| (g—;)P dT = [ [R/P + a/T?] dT = RT/P — a/T + f(P) +c,

vzf(Z—I’j)pozf [~Tf(P)]dP = [ [-TR/P?]dP = RT/P + g(T) + c.

After comparison, one gets
f(P)=10,9(T) = —a/T.

Hence
RT
v=———+c
P

For gas system at high-7 limit, v = RT /P. So, ¢ = 0.
Finally, the equation of state is

v= RT/P—a/T. (1 pt)
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