Preliminary Thermal — August 2024

Easy Problems:

2
Al. For a wire with equation of state F = bT (%0 — %), where L is the length, L, (T) is the
length when the tension F'is zero, b is a constant. Calculate the work done by the

. L
environment when the length changes from L, to ?0 at constant temperature.

Solution:
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A2. At low temperature, the constant volume molar specific heat of a solid is C,, = a (91) ,
D

where Op is called Debye temperature. Consider a solid with @ = 1.94 kJ/mol/K and 6p= 27

°C, calculate the heat per mole the solid needs to absorb to increase temperature from 5 K to
10 K.

Solution:
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T

1.94 x 103 (—) dT = 0.168].

7300 J

A3. Calculate Cp = (Z—I;) using the chain rule for a simple solid for which H(T,V) =
P

McyT + (agT — by)V and V =V, exp[(aoT — P)/by]. Show that the result is Cp = Mcy +

ag

—TV.

bo

Solution:
Using the chain rule, we have

(), - (59,09, ),

0H

<ﬁ>v = MCO + a0V
0H
<W>T = aoT - bO
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Therefore,
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CP = MCO + aov + aoT
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Hard Problems:

b)

a)

B1. For ideal gas, if the heat capacity of a process is constant, then the process is polytropic
PV! = constant. Assuming that Cp and C,, are constants, find /.

Solution:

dU = C,dT — PdV
dv
(Co = Cu)dT = —PdV = —nRT —

dT dv
(& =G = —nR—-

(C, — C)InT = —nR InV + constant

In (T% ) + In (V™) = constant
exp[ln (T~ %) + In (V™) ] = constant
TS CtnymR = constant

(PV /nR)Sv=Y ™R = constant

Pl Go=ttnR = constant

PG~y =Cn = constant

PV! = constant

l= (Cp —Cn)/(Cy — Cp)

B2. In the Einstein model of specific heat for diatomic molecules, atomic vibrations can be
treated as independent quantum oscillators with quantized energy: £, = nhw and the
population of excited oscillators follow the Boltzmann distribution.

At thermal equilibrium, show that the average energy for the quantum oscillators is given by:
= hw
8 - e hw / k BT —1 *

Find expression for the specific heat C;,, of 1 mole of the diatomic molecules. Show that it
approaches the 3R limit at high temperatures, where R = Nykjg is the universal gas constant.
Solution:

For the Boltzmann distribution e ~én/*sT

= Yn=o gne_gn/kBT

a - _ o
€= Sty = ~ 55 [Zizoe ] with p =~
Z e‘"h‘”ﬂ = ;

1 — e TwB
n=0
9 4 hw
= — —phwf| —
E op ln[l e ] T



b) For 1 mole of the molecules,

hw

U= 3NaZra/ie — 1

oU hw\?  ehw/ksT
G = (ﬁ)v = 3Naks (kBT> (ehw/ksT — 1)2
At high temperatures, kgT > hw
eh@/kBT ~ 1 + hw/kyT
U =3NkgT
C, = 3Nykp = 3R

B3. A solid with heat capacity C4 at temperature Ty is placed in contact with another solid with
heat capacity Cp at a lower temperature Ty. What is the change in entropy of the system after
the two bodies have reached thermal equilibrium?

Solution:

Assuming that the final temperature is 7, according to energy conservation,
Qa+0Q3=0
Or Ci(T—Ty) + Cg(T—Tg) =0
So T = (C4T4 + CgTg)/(C4 + Cp).

In general, dS = dQ/T = C/TdT
AS = [dS = [CdInT = In(T;/T)).

For the two systems:

AS,y = C4In(T /Ty).

ASg = CgIn(T /Tg).

AS = AS, + ASp = CuIn(T/T,) + Cln(T/Tg)

= CaIn[(1 + CpTp/CaTy) /(1 + Cp/Cp)] + Cpln[(1 + CpTy/CpTp) /(1 + C4/Cp)]
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T
(A2
2) A hoop of radius 0.10 m and mass of 0.20 kg rolls down an inclined

plane. If it starts from rest at a height of 2.0 m,

a) what is the total kinetic energy at the bottom of the incline (Use
g=9.8m/s2)?

b) what is the rotational kinetic energy at the bottom of the incline (the
moment of inertia for a hoop is mR?) ?
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¢) what is the translational kinetic energy at the bottom of the incline ?
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4) A string is wrapped around a hoop of radius 3 ¢cm and mass 20 gms. The moment of inertia is
mR?

T a) what is the angular acceleration in terms of g(=9. 8m/s ) ? /"'
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