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Preliminary Thermal – August 2024 

Easy Problems: 

A1. For a wire with equation of state 𝐹𝐹 = 𝑏𝑏𝑏𝑏 �𝐿𝐿
𝐿𝐿0
− 𝐿𝐿02

𝐿𝐿2
�, where 𝐿𝐿 is the length, 𝐿𝐿0(𝑇𝑇) is the 

length when the tension F is zero, b is a constant. Calculate the work done by the 
environment when the length changes from 𝐿𝐿0 to 𝐿𝐿0

2
 at constant temperature.  

Solution:  

𝑊𝑊 =  ∫ 𝐹𝐹𝐹𝐹𝐹𝐹 = � 𝑏𝑏𝑏𝑏�
𝐿𝐿
𝐿𝐿0
−
𝐿𝐿0

2

𝐿𝐿2�𝑑𝑑𝑑𝑑
𝐿𝐿0
2

𝐿𝐿0

 

= 𝑏𝑏𝑏𝑏�
𝐿𝐿2

2𝐿𝐿0
+
𝐿𝐿0

2

𝐿𝐿 ��
𝐿𝐿0

𝐿𝐿0
2

=
5
8
𝑏𝑏𝑏𝑏𝐿𝐿0 

 

A2. At low temperature, the constant volume molar specific heat of a solid is 𝐶𝐶𝑣𝑣 = 𝑎𝑎 � 𝑇𝑇
𝜃𝜃𝐷𝐷
�
3
, 

where 𝜃𝜃D is called Debye temperature. Consider a solid with a = 1.94 kJ/mol/K and 𝜃𝜃D = 27 
ºC, calculate the heat per mole the solid needs to absorb to increase temperature from 5 K to 
10 K. 

Solution: 

𝑄𝑄 = ∫ 𝑛𝑛 𝐶𝐶𝑣𝑣 𝑑𝑑𝑑𝑑 = � 1.94 × 103 �
𝑇𝑇

300
�
3

𝑑𝑑𝑑𝑑
10

5
 = 0.168 𝐽𝐽. 

 
A3. Calculate 𝐶𝐶𝑃𝑃 = �𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
�
𝑃𝑃

 using the chain rule for a simple solid for which 𝐻𝐻(𝑇𝑇,𝑉𝑉) =

𝑀𝑀𝑐𝑐0𝑇𝑇 + (𝑎𝑎0𝑇𝑇 − 𝑏𝑏0)𝑉𝑉 and 𝑉𝑉 = 𝑉𝑉0 exp[(𝑎𝑎0𝑇𝑇 − 𝑃𝑃)/𝑏𝑏0]. Show that the result is 𝐶𝐶𝑃𝑃 = 𝑀𝑀𝑐𝑐0 +
𝑎𝑎02

𝑏𝑏0
𝑇𝑇𝑇𝑇. 

Solution:  
Using the chain rule, we have 

𝐶𝐶𝑃𝑃 = �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

�
𝑃𝑃

= �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

�
𝑉𝑉

+ �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

�
𝑇𝑇
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃

 

�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

�
𝑉𝑉

= 𝑀𝑀𝑐𝑐0 + 𝑎𝑎0𝑉𝑉 

�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

�
𝑇𝑇

= 𝑎𝑎0𝑇𝑇 − 𝑏𝑏0 

�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃

=
𝑎𝑎0
𝑏𝑏0
𝑉𝑉 

Therefore,  
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𝐶𝐶𝑃𝑃 = 𝑀𝑀𝑐𝑐0 + 𝑎𝑎0𝑉𝑉 + 𝑎𝑎0𝑇𝑇
𝑎𝑎0
𝑏𝑏0
𝑉𝑉 − 𝑏𝑏0

𝑎𝑎0
𝑏𝑏0
𝑉𝑉 = 𝑀𝑀𝑐𝑐0 +

𝑎𝑎02

𝑏𝑏0
𝑇𝑇𝑇𝑇 
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A4 
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Hard Problems: 

B1. For ideal gas, if the heat capacity of a process is constant, then the process is polytropic 
𝑃𝑃𝑉𝑉𝑙𝑙 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. Assuming that 𝐶𝐶𝑝𝑝 and 𝐶𝐶𝑣𝑣 are constants, find l. 

Solution: 

𝑑𝑑𝑑𝑑 =  𝐶𝐶𝑛𝑛𝑑𝑑𝑑𝑑 − 𝑃𝑃𝑃𝑃𝑃𝑃 

(𝐶𝐶𝑣𝑣 − 𝐶𝐶𝑛𝑛)𝑑𝑑𝑑𝑑 = −𝑃𝑃𝑃𝑃𝑃𝑃 = −𝑛𝑛𝑛𝑛𝑛𝑛
𝑑𝑑𝑑𝑑
𝑉𝑉

 

(𝐶𝐶𝑣𝑣 − 𝐶𝐶𝑛𝑛)
𝑑𝑑𝑑𝑑
𝑇𝑇

  =  − 𝑛𝑛𝑛𝑛
𝑑𝑑𝑑𝑑
𝑉𝑉

 

(𝐶𝐶𝑣𝑣 − 𝐶𝐶𝑛𝑛)ln𝑇𝑇 =  −𝑛𝑛𝑛𝑛 ln𝑉𝑉 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

ln (𝑇𝑇𝐶𝐶𝑣𝑣−𝐶𝐶𝑛𝑛)  +  ln (𝑉𝑉𝑛𝑛𝑛𝑛)  = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

exp[ln (𝑇𝑇𝐶𝐶𝑣𝑣−𝐶𝐶𝑛𝑛)  +  ln (𝑉𝑉𝑛𝑛𝑛𝑛) ] =  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

𝑇𝑇𝐶𝐶𝑣𝑣−𝐶𝐶𝑛𝑛𝑉𝑉𝑛𝑛𝑛𝑛  =  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

(𝑃𝑃𝑃𝑃/𝑛𝑛𝑛𝑛)𝐶𝐶𝑣𝑣−𝐶𝐶𝑛𝑛𝑉𝑉𝑛𝑛𝑛𝑛  =  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

𝑃𝑃𝐶𝐶𝑣𝑣−𝐶𝐶𝑛𝑛𝑉𝑉𝐶𝐶𝑣𝑣−𝐶𝐶𝑛𝑛+𝑛𝑛𝑛𝑛  =  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

𝑃𝑃𝐶𝐶𝑣𝑣−𝐶𝐶𝑛𝑛𝑉𝑉𝐶𝐶𝑝𝑝−𝐶𝐶𝑛𝑛  =  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

𝑃𝑃 𝑉𝑉𝑙𝑙  =  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 

𝑙𝑙 = (𝐶𝐶𝑝𝑝 − 𝐶𝐶𝑛𝑛)/( 𝐶𝐶𝑣𝑣 − 𝐶𝐶𝑛𝑛) 
  

B2. In the Einstein model of specific heat for diatomic molecules, atomic vibrations can be 
treated as independent quantum oscillators with quantized energy: ℰn = nℏω  and the 
population of excited oscillators follow the Boltzmann distribution. 

a) At thermal equilibrium, show that the average energy for the quantum oscillators is given by: 
ℰ̅ = ℏ𝜔𝜔

𝑒𝑒ℏ𝜔𝜔 𝑘𝑘𝐵𝐵𝑇𝑇⁄ −1
. 

b) Find expression for the specific heat 𝐶𝐶𝑣𝑣 of 1 mole of the diatomic molecules. Show that it 
approaches the 3R limit at high temperatures, where 𝑅𝑅 = 𝑁𝑁𝐴𝐴𝑘𝑘𝐵𝐵 is the universal gas constant.  
Solution: 

a) For the Boltzmann distribution 𝑒𝑒−ℰ𝑛𝑛 𝑘𝑘𝐵𝐵𝑇𝑇⁄  
 

ℰ̅ = ∑ ℰ𝑛𝑛𝑒𝑒−ℰ𝑛𝑛 𝑘𝑘𝐵𝐵𝑇𝑇⁄∞
𝑛𝑛=0
∑ 𝑒𝑒−ℰ𝑛𝑛 𝑘𝑘𝐵𝐵𝑇𝑇⁄∞
𝑛𝑛=0

= − 𝜕𝜕
𝜕𝜕𝜕𝜕
𝑙𝑙𝑙𝑙�∑ 𝑒𝑒−ℰ𝑛𝑛𝛽𝛽∞

𝑛𝑛=0 � with 𝛽𝛽 = 1
𝑘𝑘𝐵𝐵𝑇𝑇

 

�𝑒𝑒−𝑛𝑛ℏ𝜔𝜔𝜔𝜔
∞

𝑛𝑛=0

=
1

1 − 𝑒𝑒−ℏ𝜔𝜔𝜔𝜔
 

ℰ̅ =
𝜕𝜕
𝜕𝜕𝜕𝜕

𝑙𝑙𝑙𝑙�1 − 𝑒𝑒−ℏ𝜔𝜔𝜔𝜔� =
ℏ𝜔𝜔

𝑒𝑒ℏ𝜔𝜔 𝑘𝑘𝐵𝐵𝑇𝑇⁄ − 1
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b) For 1 mole of the molecules, 

𝑈𝑈 = 3𝑁𝑁𝐴𝐴
ℏ𝜔𝜔

𝑒𝑒ℏ𝜔𝜔 𝑘𝑘𝐵𝐵𝑇𝑇⁄ − 1
 

𝐶𝐶𝑣𝑣 = �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑣𝑣

= 3𝑁𝑁𝐴𝐴𝑘𝑘𝐵𝐵 �
ℏ𝜔𝜔
𝑘𝑘𝐵𝐵𝑇𝑇

�
2 𝑒𝑒ℏ𝜔𝜔 𝑘𝑘𝐵𝐵𝑇𝑇⁄

(𝑒𝑒ℏ𝜔𝜔 𝑘𝑘𝐵𝐵𝑇𝑇⁄ − 1)2 

At high temperatures, 𝑘𝑘𝐵𝐵𝑇𝑇 ≫ ℏ𝜔𝜔 

𝑒𝑒ℏ𝜔𝜔 𝑘𝑘𝐵𝐵𝑇𝑇⁄ ≈ 1 + ℏ𝜔𝜔 𝑘𝑘𝐵𝐵𝑇𝑇⁄  
𝑈𝑈 = 3𝑁𝑁𝐴𝐴𝑘𝑘𝐵𝐵𝑇𝑇 
𝐶𝐶𝑣𝑣 = 3𝑁𝑁𝐴𝐴𝑘𝑘𝐵𝐵 = 3𝑅𝑅 

 

B3. A solid with heat capacity 𝐶𝐶𝐴𝐴 at temperature 𝑇𝑇𝐴𝐴 is placed in contact with another solid with 
heat capacity 𝐶𝐶𝐵𝐵 at a lower temperature 𝑇𝑇𝐵𝐵. What is the change in entropy of the system after 
the two bodies have reached thermal equilibrium? 

Solution:  

Assuming that the final temperature is T, according to energy conservation, 

𝑄𝑄𝐴𝐴 + 𝑄𝑄𝐵𝐵 = 0 

Or  𝐶𝐶𝐴𝐴(𝑇𝑇 − 𝑇𝑇𝐴𝐴)  + 𝐶𝐶𝐵𝐵(𝑇𝑇 − 𝑇𝑇𝐵𝐵)  =  0 

So  𝑇𝑇 =  (𝐶𝐶𝐴𝐴𝑇𝑇𝐴𝐴  +  𝐶𝐶𝐵𝐵𝑇𝑇𝐵𝐵)/(𝐶𝐶𝐴𝐴  +  𝐶𝐶𝐵𝐵). 
 

In general, 𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑄𝑄/𝑇𝑇 = 𝐶𝐶/𝑇𝑇𝑇𝑇𝑇𝑇 

𝛥𝛥𝛥𝛥 = ∫ 𝑑𝑑𝑑𝑑 =  ∫ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 =  𝑙𝑙𝑙𝑙(𝑇𝑇𝑓𝑓/𝑇𝑇𝑖𝑖). 

 
For the two systems: 

 𝛥𝛥𝑆𝑆𝐴𝐴 = 𝐶𝐶𝐴𝐴ln(𝑇𝑇/𝑇𝑇𝐴𝐴). 

𝛥𝛥𝑆𝑆𝐵𝐵 = 𝐶𝐶𝐵𝐵ln(𝑇𝑇/𝑇𝑇𝐵𝐵). 

𝛥𝛥𝛥𝛥 =  𝛥𝛥𝑆𝑆𝐴𝐴  +  𝛥𝛥𝑆𝑆𝐵𝐵  =  𝐶𝐶𝐴𝐴ln(𝑇𝑇/𝑇𝑇𝐴𝐴)  +  𝐶𝐶𝐵𝐵𝑙𝑙𝑙𝑙(𝑇𝑇/𝑇𝑇𝐵𝐵)  

= 𝐶𝐶𝐴𝐴ln[(1 + 𝐶𝐶𝐵𝐵𝑇𝑇𝐵𝐵/𝐶𝐶𝐴𝐴𝑇𝑇𝐴𝐴)/(1 + 𝐶𝐶𝐵𝐵/𝐶𝐶𝐴𝐴)] + 𝐶𝐶𝐵𝐵ln[(1 + 𝐶𝐶𝐴𝐴𝑇𝑇𝐴𝐴/𝐶𝐶𝐵𝐵𝑇𝑇𝐵𝐵)/(1 + 𝐶𝐶𝐴𝐴/𝐶𝐶𝐵𝐵)]   
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