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A1. 300 g of aluminum block at 100 °C is placed in a calorimeter cup with 400 g of water. The 
mass of the copper calorimeter cup is 80 g. The initial temperature of the water and the cup is 
22 °C. What’s the final temperature? ( 𝑐𝑐water = 4.184 J/g ∙ K ; 𝑐𝑐Al = 0.9 J/g ∙ K  𝑐𝑐Cu =
0.385 J/g ∙ K) 

Solution: (25 pt) 
The heat input of the water and cup is the same as the heat output of the aluminum block. 
Assuming the final temperature is T: 
 
(100 − 𝑇𝑇)𝐶𝐶Al  = (𝑇𝑇 − 22) (𝐶𝐶water + 𝐶𝐶Cu)  (5 pt) 
𝐶𝐶Al = 300 × 0.9 J/K = 270 J/K  (5 pt) 
𝐶𝐶water = 400 × 4.184 J/K = 1674 J/K (5 pt) 
𝐶𝐶Cu = 80 × 0.385 J/K = 30.8 J/K  (5 pt) 
 
Hence: T = 32.7 °C    (5 pt) 
 
 

A2. Consider an ideal gas system that changes temperature from T1 to T2. Show that the entropy 
change of the isobaric process is γ times of that of the isochoric process, where 𝛾𝛾 = 𝐶𝐶𝑃𝑃/𝐶𝐶𝑉𝑉. 

Solution: (25 pt) 
To calculate entropy change, we use: 

 𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑄𝑄/𝑇𝑇, and 𝑑𝑑𝑄𝑄 = 𝑑𝑑𝑑𝑑 + 𝑑𝑑𝑊𝑊 =  𝑑𝑑𝑑𝑑 + 𝑃𝑃𝑃𝑃𝑃𝑃.   (5 pt) 

In isochoric process: 𝑑𝑑𝑑𝑑 = 0,  𝑑𝑑𝑄𝑄 = 𝑑𝑑𝑑𝑑 = 𝐶𝐶𝑣𝑣𝑑𝑑𝑑𝑑,  

𝑑𝑑𝑑𝑑 =  𝑑𝑑𝑄𝑄/𝑇𝑇 =  𝐶𝐶𝑣𝑣𝑑𝑑𝑑𝑑/𝑇𝑇.      (5 pt) 

In isobaric process: 𝑑𝑑𝑄𝑄 = 𝐶𝐶𝑣𝑣𝑑𝑑𝑑𝑑 + 𝑃𝑃𝑃𝑃𝑃𝑃 

Because P is constant: 𝑃𝑃𝑃𝑃𝑃𝑃 = 𝑑𝑑(𝑃𝑃𝑃𝑃), 𝑑𝑑𝑄𝑄 = 𝐶𝐶𝑣𝑣𝑑𝑑𝑑𝑑 + 𝑑𝑑(𝑃𝑃𝑃𝑃)  (5 pt) 

Because 𝑃𝑃𝑃𝑃 = 𝑛𝑛𝑛𝑛𝑛𝑛, 𝑑𝑑𝑄𝑄 = 𝐶𝐶𝑣𝑣𝑑𝑑𝑑𝑑 + 𝑑𝑑(𝑛𝑛𝑛𝑛𝑛𝑛) =  𝐶𝐶𝑣𝑣𝑑𝑑𝑑𝑑 + 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 =  (𝐶𝐶𝑣𝑣 + 𝑛𝑛𝑛𝑛)𝑑𝑑𝑑𝑑  (5 pt) 

𝑑𝑑𝑑𝑑 =  𝑑𝑑𝑄𝑄/𝑇𝑇 =  (𝐶𝐶𝑣𝑣 + 𝑛𝑛𝑛𝑛)𝑑𝑑𝑑𝑑/𝑇𝑇. 

Therefore, the ratio of the entropy change is  

𝑑𝑑𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖/𝑑𝑑𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖ℎ𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 = (𝐶𝐶𝑣𝑣 + 𝑛𝑛𝑛𝑛)/𝐶𝐶𝑣𝑣 = 𝐶𝐶𝑝𝑝/𝐶𝐶𝑣𝑣 = 𝛾𝛾.   (5 pt) 

 
 

A3. Show that for any 𝑃𝑃𝑃𝑃𝑃𝑃 system with two degrees of freedom, the equation of state can be 
found using ln(𝑉𝑉) =  ∫ α 𝑑𝑑𝑑𝑑 − 𝑘𝑘𝑇𝑇𝑑𝑑𝑑𝑑 , where 𝛼𝛼 = 1

𝑉𝑉
�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃

 is the thermal expansion 

coefficient, 𝑘𝑘𝑇𝑇 = − 1
𝑉𝑉

 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇
 is the isothermal compressibility. 

Solution: (25 pt) 
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𝑑𝑑𝑑𝑑 = �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃
𝑑𝑑𝑑𝑑 + �𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
�
𝑇𝑇
𝑑𝑑𝑑𝑑.    (5 pt) 

Hence:  
𝑑𝑑𝑑𝑑
𝑉𝑉

= 1
𝑉𝑉
�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃
𝑑𝑑𝑑𝑑 + 1

𝑉𝑉
�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇
𝑑𝑑𝑑𝑑.   (5 pt) 

Therefore, 

ln(𝑉𝑉) = ∫ �𝜕𝜕 ln𝑉𝑉𝜕𝜕𝜕𝜕
�
𝑃𝑃
𝑑𝑑𝑑𝑑 − �𝜕𝜕 ln𝑉𝑉

𝜕𝜕𝜕𝜕
�
𝑇𝑇
𝑑𝑑𝑑𝑑.  (5 pt) 

We can rewrite the definition: 

𝛼𝛼 = �𝜕𝜕 ln𝑉𝑉
𝜕𝜕𝜕𝜕

�
𝑃𝑃

,      (5 pt) 

𝑘𝑘𝑇𝑇 = −�𝜕𝜕 ln𝑉𝑉
𝜕𝜕𝜕𝜕

�
𝑇𝑇
,    (5 pt) 

which means: 

ln(𝑉𝑉) = �𝛼𝛼𝛼𝛼𝛼𝛼 − 𝑘𝑘𝑇𝑇𝑑𝑑𝑑𝑑. 
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B1. Using the relation �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

 =  𝑇𝑇 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑉𝑉
− 𝑃𝑃 , show that the Joule Thompson coefficient 

�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝐻𝐻

 =  1/𝐶𝐶𝑃𝑃[𝑇𝑇 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃
− 𝑉𝑉] in the throttling process. (Hint: use the cyclic rule). 

Solution: (25 pt) 
Use the cyclic rule, we have:  

�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝐻𝐻

=  − �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃
�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

=  − �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇
�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃

� =  − 1
𝐶𝐶𝑃𝑃

 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

.  (3 pt) 

Here,  

�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

= �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

+ �𝜕𝜕(𝑃𝑃𝑃𝑃)
𝜕𝜕𝜕𝜕

�
𝑇𝑇

.  (1)     (3 pt) 

�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

= �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇
�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇
       (3 pt) 

Given �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

 =  𝑇𝑇 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑉𝑉
− 𝑃𝑃, this becomes: 

�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

= � 𝑇𝑇 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑉𝑉
− 𝑃𝑃� �𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
�
𝑇𝑇

= 𝑇𝑇 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑉𝑉
�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

 − 𝑃𝑃 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇
. (3 pt) 

Using the cyclic rule, it follows that: 

�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑉𝑉
�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

= −�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃

.      (3 pt) 

Hence, 

�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

= −𝑇𝑇 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃

 − 𝑃𝑃 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

.   (2)     (3 pt) 

We also have: 

�𝜕𝜕(𝑃𝑃𝑃𝑃)
𝜕𝜕𝜕𝜕

�
𝑇𝑇

= 𝑉𝑉 + 𝑃𝑃 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

.  (3)      (3 pt) 

Substitute (2) and (3) into Eq. (1), one gets  

�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

= −𝑇𝑇 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃

 − 𝑃𝑃 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

+ 𝑉𝑉 + 𝑃𝑃 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

= −𝑇𝑇 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃

 + 𝑉𝑉. (3 pt) 

Hence, the Joule Thompson coefficient is  

�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝐻𝐻

= − 1
𝐶𝐶𝑃𝑃

 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

= − 1
𝐶𝐶𝑃𝑃

 �−𝑇𝑇 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃

+ 𝑉𝑉�  = 1
𝐶𝐶𝑃𝑃

 �𝑇𝑇 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃
− 𝑉𝑉� (1 pt) 

 

B2. Consider a gas system that satisfies �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃

= 𝑅𝑅
𝑃𝑃

 + 𝑎𝑎
𝑇𝑇2

 and �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

= −𝑇𝑇𝑇𝑇(𝑃𝑃), where v is the 
molar volume, a and R are constants, and 𝑓𝑓(𝑝𝑝) is a function of P. Show that:  

(a) 𝑓𝑓(𝑃𝑃) = 𝑅𝑅
𝑃𝑃2

. 

(b) The equation of state of this system is 𝑃𝑃𝑃𝑃 = 𝑅𝑅𝑅𝑅 − 𝑎𝑎𝑎𝑎/𝑇𝑇  . 
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Solution: (25 pt) 
(a) Because the 2nd order partial derivative:  

𝜕𝜕2𝑣𝑣
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

= �𝜕𝜕 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃
𝜕𝜕𝜕𝜕⁄ �

𝑇𝑇
= �𝜕𝜕 �𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
�
𝑇𝑇
𝜕𝜕𝜕𝜕⁄ �

𝑃𝑃
, (3 pt) 

       and �𝜕𝜕 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃
𝜕𝜕𝜕𝜕⁄ �

𝑇𝑇
=  −𝑅𝑅/𝑃𝑃2   (3 pt) 

  �𝜕𝜕 �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇
𝜕𝜕𝜕𝜕⁄ �

𝑃𝑃
= −𝑓𝑓(𝑃𝑃),   (3 pt) 

       one has 

𝑓𝑓(𝑃𝑃)  =  𝑅𝑅/𝑃𝑃2.     (3 pt) 
 

(b) We can integrate to find the v, 

𝑣𝑣 = ∫ �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑃𝑃
𝑑𝑑𝑑𝑑 = ∫ [𝑅𝑅/𝑃𝑃 + 𝑎𝑎/𝑇𝑇2] 𝑑𝑑𝑑𝑑 = 𝑅𝑅𝑅𝑅/𝑃𝑃 − 𝑎𝑎/𝑇𝑇 + 𝑓𝑓(𝑃𝑃) + 𝑐𝑐,   (3 pt) 

𝑣𝑣 = ∫ �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇
𝑑𝑑𝑑𝑑 = ∫ [−𝑇𝑇𝑇𝑇(𝑃𝑃)]𝑑𝑑𝑑𝑑 = ∫ [−𝑇𝑇𝑇𝑇/𝑃𝑃2]𝑑𝑑𝑑𝑑 =  𝑅𝑅𝑅𝑅/𝑃𝑃 + 𝑔𝑔(𝑇𝑇) + 𝑐𝑐. (3 pt) 

After comparison, one gets   

𝑓𝑓(𝑃𝑃) = 0, 𝑔𝑔(𝑇𝑇) = −𝑎𝑎/𝑇𝑇.        (2 pt) 
Hence  

𝑣𝑣 = 𝑅𝑅𝑅𝑅
𝑃𝑃
− 𝑎𝑎

𝑇𝑇
+ 𝑐𝑐.         (2 pt) 

For gas system at high-T limit, 𝑣𝑣 = 𝑅𝑅𝑅𝑅/𝑃𝑃. So, 𝑐𝑐 = 0.    (2 pt) 

Finally, the equation of state is  

𝑣𝑣 =  𝑅𝑅𝑅𝑅/𝑃𝑃 − 𝑎𝑎/𝑇𝑇. (1 pt) 
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